The interactions between vortex tubes and magnetic-flux rings in incompressible MHD are inves- an intriguing, serpentine-like, vortex-line structure, and generate, in turn, two new magnetic rings, adjacent to the initial one. In this regime, the morphologies of the vorticity and magnetic field structures are similar. The effects of these structures on kinetic and magnetic energy spectra, as well as on the direction of energy transfer between flow and magnetic fields are also indicated.
PROLOGUE
Turbulence in fluids is a key problem in classical [1] , statistical [2] , quantum [3, 4] , and relativistic [5, 6] physics. In contrast to random/Gaussian fluctuations, turbulence is characterized by non-equilibrium, interscale energy transfer processes, which in (incompressible fluids) give rise to non-Gaussian fluctuations, as exemplified by the non-vanishing third order structure function of the main dynamical field, the flow velocity [7, 8] . Perhaps an even more striking characteristic of turbulent chaos, is the key physical role of the curl of velocity, i.e., the flow vorticity. The latter is characterized by coherent/metastable structures (tubes and sheets), which are an example of spontaneous dynamical long-range order [9] , and are embedded amidst regions of fluctuating, smaller magnitude vorticity. The dynamics of coherent vortical structures contribute heavily to the statistical phenomenology of turbulence (e.g., there is an association between vortex stretching and energy cascade), yet, due to the analytical intractability of the strong turbulent nonlinearity, it has not been possible until now to analytically understand their key interactions and, via averaging, to incorporate the latter into the various statistical theories of turbulence. Another important characteristic of incompressible fluids is the absence of any wave phenomena, since (by default) there are no sound waves in the system. The above discussion applies to the hydrodynamics of classical (potential) field theories, e.g., particle systems interacting via the Lennard-Jones force, where the force-potential does not appear explicitly in the hydrodynamics (albeit hidden within the fluid stress tensor). This feature is not necessarily a consequence of the potential character of the interaction force, and indeed the hydrodynamics of Chromodynamic Plasmas [10, 11] can also be modeled as relativistic fluids, without any reference to the microscopic, relativistic gauge field. It is in this context, that the study of Electrodynamic Plasmas [12] becomes a very interesting area of turbulence theory, since (a) the gauge (magnetic) field explicitly appears in the hydrodynamics (hence, magnetohydrodynamics
[MHD]), and, via its convection by the velocity field, becomes turbulent, developing coherent structures of its own. Thus, it is conceptually important to understand the interactions between structures in the gauge and inertial fields, and the way these can help understand (in a structural way) some of the complexity of turbulent chaos, (b) the presence of the Lorentz force in the Navier-Stokes equations enables the depiction of wave phenomena in the latter (Alfven waves), which lead to novel (in comparison with incompressible turbulence) phenomenology, such as the propagation of transverse inertial waves along magnetic field lines.
In standard textbooks [13] , the kinematic analogy between velocity/vorticity on the one hand and magnetic field/current on the other is stressed. However, from the dynamic point of view, it is better to draw an analogy (in the indicated order) between the three inertial fields (u, ω, ξ), where u is the flow velocity, ω = ∇ × u is the flow vorticity, and ξ = ∇ × ω is the flow palin-vorticity, and the three gauge theoretic fields (A, B, J), where A is the electromagnetic vector potential, B = ∇ × A is the magnetic field, and J = ∇ × B/µ is the electric current (and µ the permeability of free space). In this way, B corresponds to ω. Indeed, B obeys a similar equation with that of ω, which allows for local evolution that preserves any structural field aspects, in opposition to u that is subjected to nonlocal pressure effects that destroy coherent velocity patterns. This analogy holds in the definitions of quantities like kinetic helicity H K = u · ω, the corresponding magnetic helicity H M = A · B, and cross helicity H C = u · B, but it is not complete since, for example, in the NavierStokes equation, the Lamb force term ω × u would have been paired with a term B × A, whilst, instead, the Lorentz force J × B appears. This difference in form reflects upon more fundamental physics differences, since the Lamb force (been part of the inertial force) is conservative, and responsible for the generation of the complexity we call turbulence, whilst the Lorentz force simply smooths out turbulent motions via the J 2 /σ term (and governs energy transfer between magnetic and velocity fields via the J · E term). Moreover, it is important to note that, although the transport of B is similar to the transport of ω, the evolution histories available to B are a superset of those available to ω, since ω is the curl of the convective field that does the transport, a constraint that does not bind the dynamics of B. Having in mind these (important) caveats, in this article, we employ B and ω as the most appropriate pair of gauge and inertial fields whose structural interactions can lead to a "synthetic" understanding of more complicated MHD turbulence processes. In doing so, we follow a long tradition in turbulence theory [14] [15] [16] [17] , that is complementary to other statistical approaches [18, 19] . Inspired by fully resolved Navier-Stokes turbulence results, we choose a straight vortex tube as a rough model of turbulence structure. Indeed, as shown in Fig.1 (left curvature. Moreover, calculations of MHD turbulence [20] have indicated the importance of interactions between strong vortex tubes and magnetic flux tubes, having the latter wrap around the former, increasing their curvature. Employing Vortex Dynamics methods, [21] have explicitly depicted similar processes in a kinematic turbulent dynamo computation, that analyzed the effect of filamentary vorticity structures on a seed, random magnetic field.
It was shown, that the magnetic field intensifies in between the vortex filaments, and, as it forms thick, ribbon-like structures, it is wrapped around them. Although interactions between straight ω and B tubes are important, we choose here to study magnetic-flux rings, since, the latter introduce (all important) curvature effects, as recognized in earlier publications [22] . Magnetic rings are key MHD structures. Indeed, [23] suggested that rings produced by the collision of two solitary magnetic kinks along a straight magnetic flux tube play a role in solar flare formation, and [24] have computed the dynamics of linked magnetic rings in order to determine the role of magnetic helicity in magnetic field decay. For the case of magnetic tangles/knots with zero net magnetic helicity, [25] have shown that such structures are unstable, and split into two packages moving in opposite directions, each with finite and opposite magnetic helicity.
In a more general turbulence context, tubes and rings are examples of coherent structures.
The latter have been intensively studied in MHD turbulence, including their generation via flow instabilities [26] , their detection [27] , the role of compressibility in their dynamics [28] , as well as, their effects on stochastic particle acceleration [29] , and energy dissipation [30] .
One of the goals of the present investigation is to help understand better these findings of fully resolved turbulence calculations, by modeling coherent structures explicitly, and with fine resolution, so that it would be possible to identify some of the complex phenomenology of turbulence within the present explicit flow patterns. Our initial conditions are nonhelical, and our magnetic Prandtl number (Pr m = ν/λ, where ν is the kinematic viscosity and λ the magnetic diffusivity) is unity, hence the results are related to nonhelical, unity Prandtl number turbulence calculations [31] showing organization of the magnetic field in the form of flux tubes, and magnetic sheets. Coherent structure studies with large Pr m values would relate to corresponding turbulence computations [32] , and could be performed in the future.
MATHEMATICAL MODEL
We analyze the standard (non Hall [33] ) incompressible MHD system, that includes the fluid momentum equation,
the equation for the magnetic field transport,
and the two elliptic constraints, ∇ · u = 0, and ∇ · B = 0, that enforce the solenoidal character of u and B. Here, p is the fluid pressure field, and ρ is the fluid density. Notably, the above system could be neatly written in terms of the "velocity" B = B/ √ ρµ. In the following, we shall denote (for example) by J or Ψ, electrodynamic quantities incorporating the above scaling for B. It is also helpful to write the transport equation for ω
where, we observe that the reaction of the magnetic field on the fluid introduces an electro-
, that can act as a vorticity source, differentiating, in this way, the ω and B evolution laws. The ω and u fields are kinematically related via the Poisson equation
It is helpful to note that, under reasonable boundary conditions (that include periodicity), the V ∞ integrals of the kinetic, magnetic and cross helicities (defined above) are inviscid invariants in MHD. Hence, in the viscous calculations presented here, they are expected to vary on the diffusion time scales only, since their values are conserved by convective motions [12, 18, 34] . An intuitive understanding of helicities as inviscid invariants follows from the facts that H K , H M , H C inform about the self-linkage or knottedness (topology) of vortex, magnetic or vortex/magnetic tubes correspondingly, and that vortex and magnetic-field lines have a "frozen-in" character in ideal flows. Indeed, since topological change occurs via flux-tube reconnections that rely on viscous action in order to allow the vortex/magnetic lines to "slip" relative to the velocity field, it follows that the "frozen-in" lines of ideal hydrodynamics have no means of altering their topology, hence their helicities ought to be preserved. In other words, helicity plays the role of a topological charge [35, 36] .
Finally, we define (a) the flux of vorticity along a vortex tube Φ,
where the first integral is over the cross sectional area of a vortex tube, and the second integral (which follows from Stokes Theorem) is the circulation of u around the tube, and (b) the magnetic flux along a magnetic-field tube Ψ,
where the first integral is over the cross sectional area of a magnetic tube, and the second integral (which follows from Stokes Theorem) is the circulation of A around the tube. Φ and Ψ are going to be referred to as "tube strengths" in the following.
SOLUTION METHODS
The (strongly nonlinear) mathematical model is solved via a staggered grid, fractional step, projection, finite volume method [37, 38] . A book-length discussion of the method is available in [39] . In the method, the sum of fluid p and magnetic
pressures define an effective pressure whose gradient requires special treatment, in order to avoid instabilities. It is incorporated explicitly into the RK steps, but in order to enforce incompressibility, an additional calculation after each RK substep projects the velocity field onto the space of divergence-free vector fields (Hodge projection) [39] . The latter computation is equivalent to a separate velocity upgrade due to the effective pressure gradient. The net result of RK and Hodge projection procedures is that, depending on the chosen scheme parameters, pressure gradient effects are captured with first or second order in time accuracy. In agreement with the literature [39] , we have found the first order accurate in time scheme to be more stable, and we have employed it here. The incompressibility of the magnetic field, is also enforced, at every time step, via Hodge projection. On the algorithmics side, the computation of the RHS (i.e., of all terms excepting the time derivative) of velocity and magnetic field equations is performed first, followed by time advancement, and, as a final processing step, by the Hodge projection of velocity and magnetic fields.
INITIAL, BOUNDARY CONDITIONS AND CALCULATION SPECIFICS
The initial conditions include a straight vortex tube, and a magnetic-flux ring within a box of size l b (Fig.1, right) . Both ω and B structures are prescribed following the axisymmetric model of [40] . The tube axis belongs to the plane of the ring. Indeed, if the tube extends along the z axis, then the ring is placed on the xz plane, and its center is located at the (−0.16 l b , 0, 0) point. As mentioned in the Prologue, this configuration, in conjunction with the axisymmetric distribution of both ω and B, makes the initial conditions nonhelical (with respect to all three helicity types). The vorticity and magnetic fields follow a Gaussian distribution within the tube/ring, and the cross-sectional radii of the latter (defined via the standard deviation of the distribution function) are equal to 0.04 l b /0.02 l b respectively.
Since the radius of the magnetic flux tube is equal to 0.1 l b , it follows that the ring's cross section has a distance equal to 0.16 − 0.1 − 0.02 = 0.04 l b from the tube axis, hence, it exactly touches upon the cross section of the vortex.
We do three calculations with same kinetic Reynolds number Re k = uℓ/ν, where u is a characteristic velocity, and ℓ a characteristic length scale (that can be taken to be of the order of the cross sectional tube/ring radius, so we choose ℓ = 0.02l b ). Since P r m = 1, the magnetic Reynolds number Re m = uℓ/λ is equal to Re k . We adopt a "vortex dynamical" definition of
Re k : since Φ has uℓ units, it follows that Φ/ν is an effective kinetic Reynolds number, which is all calculations is set to Re k = 10 4 . Since this is also Re m , how are we to understand the three different computations presented here? It is best to begin by recalling the concept of the interaction parameter N = ∇×(Lorentz force)/∇×(inertial force), which scales the Lorentz force against the inertial force, hence, it indicates how important the magnetic field's action on the flow is [7] . Here, we write N = σB 2 ℓ/ρu where B is a characteristic magnetic field magnitude, and σ is the electrical conductivity. Notably, this formula for N involves only one characteristic length scale ℓ for the velocity variations (same as in the Re number formula), hence, it implicitly assumes that the characteristic velocity variation length scales normal and parallel to the magnetic field within the initial flux-tube are similar. The excellent agreement between the scaled N values and the corresponding physics in the numerical solutions justify this assumption. Since N scales with the square of the characteristic magnetic field magnitude, it follows that a nice way of controlling N is by tuning the magnetic flux Ψ. Indeed, using λ = (µσ)
and using Ψ ≈ Bℓ 2 , we get
In terms of the interaction parameter then, we do three calculations, with N 1 = 2.5 10 −3 , N 2 = 2.5 10, and N 3 = 2.5 10 3 , that intuitively correspond to very small (kinematic dynamo regime, as in [21] ), significant, and very strong Lorentz force effects on the flow (with special emphasis on the generation of vorticity).
The periodicity was enforced by considering the effects on u and A of vortex tubes and magnetic-flux rings in all adjacent boxes. The numerics allowed stable computations with Courant-Friedrichs-Lewy (CFL) number, CFL = 0.75 (for both velocity and magnetic fields).
Velocity incompressibility was enforced with typical accuracy 10 −10 , and magnetic-field incompressibility with typical accuracy 10 −12 . The time step is chosen so that the viscous/diffusion time-scales are resolved. In N 1 and N 2 cases, the time step was dictated by u evolution, whilst, in the N 3 case, sometimes u and sometimes B evolutions have restricted the computational timestep. However, in all cases, the time step was dictated by the CFL stability criterion, whose corresponding time steps (typically) were an order of magnitude smaller than the viscous/diffusion time steps. A fine 512 3 staggered grid was employed throughout. Due to the high Re m value, the results are more relevant to astronomical, rather than technological or geological plasmas. Indeed, within the liquid core of the earth, the magnetic Reynolds number of large eddies is Re m ≈ 100 [7] , whilst in liquid-metals at scales characteristic of laboratory or industrial settings, Re m is significantly smaller than unity [41] .
The calculations are expected to indicate significant dynamics of vorticity and magnetic field structures due to their interactions with flow strain. Indeed, from many important points of view, the basic field in fluid dynamics is not a vector (i.e., the velocity u, written in component form as u i , and similarly for the components ω i of vorticity), but a tensor (velocity gradient tensor A ij = ∂u i /∂x j ). This is because
(∂u i /∂x j + ∂u j /∂x i )) and solid-body rotation local aspects of fluid matter. These aspects and their interactions form the basic vocabulary of fluid flow analysis. To start, it is important to know the three (ordered) eigenvalues λ i and corresponding eigenvectors λ i of S ij . This is because they give direct information about the nature of local flow (i.e., uniaxial or biaxial extensional flow) and the alignments between straining process and vorticity and magnetic field vectors. Based on these key quantities, some important physical measures can be established [8] . First, the vortex stretching vector [42] ,
to 1, and can also indicate the type of deformations caused by the strain-rate tensor, since λ ⋆ = −1 corresponds to axisymmetric contraction, λ ⋆ = 0 to planar shear, and λ ⋆ = 1 to axisymmetric extension. The probability density function (pdf) of λ ⋆ is uniform for a Gaussian velocity field, whilst, for isotropic turbulence, Lund and Rogers showed that the most probable strain process is axisymmetric extension that is associated with high dissipation flow regions. We shall employ such indicators in order to characterize the flow/gauge-field interactions at different interaction parameter values.
A good measure of time is in units of the viscous/diffusion time-scales of the computation.
Since, ν = λ, and the numerical grid is identical for both u and B, viscous flow time-scales and diffusion magnetic time-scales are identical, and equal to τ d = (∆x) 2 /(6ν). Here, ∆x is the computational grid size. In order to understand the physics, it is important to note that, (a) since, Re m ≫ 1, and N ≪ 1, dissipative effects are small, and the tube is not significantly affected by the magnetic field, hence, we expect that the ring is predominantly going to be advected by an undisturbed vortex flow field, (b) that flow ought to remain nonhelical, and (c) the fluid within the tube radius rotates like a solid body, whilst the flow in the region outside is a potential vortex flow, where fluid layers closer to the tube move faster than those far away. As a result, fluid layers rub against each other, and a material line (in the radial direction) tends to become a spiral. Indeed, as shown in Fig.2 (left) , the ring is wrapped into a spiral (that at final time has turned four times). In the same figure (right), we observe that the vortex lines within the tube remain straight, and that no significant vorticity has been generated in the ring region. The results agree very well with the vortex dynamical kinematic dynamo in [21] . extension and strong compression along the third direction, sheet-like magnetic structures are expected. Two positive eigenvalues are also the signature of fully developed turbulence (Table I) , however in the latter case, the intermediate eigenvalue is an order of magnitude larger than in our flow. This is also the case for the average eigenvalue squares. The above reflect the fact that turbulent vortex structure is certainly more complicated than an ensemble of straight tubes. The highest magnetic-field line curvature is observed at the locations corresponding to the two parts of the ring (initially) closer and further away from the tube, with the former situated at the innermost part of the spiral. There is a viscous cut-off close to the initial magnetic-flux ring radius (the normalization length ℓ), and a maximum value at a length Flow type Flow type scale an order of magnitude larger. This "energy containing" length scale is of the order of the length of the steps of the spiral, where (as shown in Fig.3 ) stretched magnetic field structures are formed due to the tidal effect of the vortex flow. Since the vortex tube stretches the initial ring, it generates more magnetic field, hence, as shown in Fig.4 (right) , the magnetic-field ( B) energy grows with time. Due to the small N number, we do not anticipate significant "electrodynamic" vorticity generation. These are in agreement with quantitative measures of enstrophy (Table II) and magnetic-energy (Table III) energy (middle) dissipation rate spectra. The kinetic energy dissipation rate is computed via the expression ǫ = 2νS ij S ij , where
(∂u i /∂x j + ∂u j /∂x i ) is the strain rate tensor, and the magnetic energy dissipation rate via J 2 /σ, hence, up to a scaling factor, it is proportional to the square of electric current. As expected, ǫ spectra are larger at low wavenumbers, because at small distances the fluid inside the tube rotates like a solid body, so the dissipation there is minimal. On the other hand, the magnetic dissipation ought to correspond to the electric current rings shown in Fig.3 (right) , which appear over many diameter scales, so the J 2 spectra are more uniformly distributed. Moreover, in agreement with the discussion of helicity invariants in ideal flow, we have checked the evolution of cross helicity H C (Fig.5) . We have verified that the computation preserves the initial level of H C (which was of the order of 10 −6 ), hence, there is no H C generation during the formation of the magnetic-field spiral. This is shown in Fig.5 (right) (horizontal line).
The PDF of λ ⋆ (Fig.6) shows that (locally) the most probable flow field is similar to a planar shear flow, and, despite the fact that the PDF maximum value is shifted towards the positive λ ⋆ axis, the mean value λ ⋆ in Table I show small magnetic energy production, but the PDF of magnetic energy source is more symmetric in comparison with the vorticity case, and there is no predominant tendency of B and M (anti)alignment. These differences between vorticity and magnetic field dynamics Similarly with the small N case, the magnetic-flux ring evolves into a characteristic spiral structure (Fig.11, left) . This is consistent with the (average) eigenvalues of the local strain-rate tensor ( Table I) Table I , and the probability density function of λ ⋆ (Fig.6, middle) . However, an important difference here is the formation of characteristic bulges at spiral arms boundaries. The magnetic field attains its highest values within these bulges (Fig.11, right) . The new, curved shape of the flattened spiral-arms surfaces ought to be related to Lorentz force action, and vorticity generation.
Indeed, Fig.12 (left) shows the Lorentz force generated, high-intensity vorticity regions at the magnetic-field bulges. This effect is due to the higher (as compared with the kinematic case) interaction parameter value, that allows the Lorentz force to significantly impact on axis). We observe that the velocity within the vorticity-solenoid is equal to the velocity at a smaller distance from the vortex (i.e., equal to a higher value than the one corresponding to the undisturbed potential flow velocity at the locations of the structure). Moreover, as shown in Fig.13 (left) , and in agreement with the small N case, weak-current lines tend to engulf the magnetic-field spiral arms, whilst closed current loops of higher intensity are formed within the magnetic structure. An intriguing feature here is that the closed loops are organized (at places) into current-solenoids within the vorticity-solenoid. These small scale currents are responsible for enlarged, high k magnetic dissipation (Fig.5, middle) as compared with the smaller interaction parameter case. On the other hand, the small scale vorticity solenoids could be responsible for the increased kinetic energy dissipation that is observed at high k (Fig.5, left) . This is direct evidence of (a relatively weak) departure from kinematic dynamo picture, and is also indicated by the cross helicity results of Fig.5 (right) , where a small departure from the horizontal line of the kinematic dynamo case is observed, consistent with a very weak anti-alignment between velocity and magnetic fields. Overall, the observed magnetic-field bulges are a higher N effect, that, however, does not alter the grand picture of spiral wrapping of the field around the vortex. Another important higher N effect (Fig.13 , right) has to do with the fact that, the magnetic-field spiral is not passive, but, like a constrictor, deforms (an initially cylindrical) high vorticity isosurface within the vortex-tube volume.
As shown in Fig.4 (right) , the magnetic field energy increases with time. Hence, despite the fact that some of the magnetic field energy is transferred to the fluid (in order to generate the vorticity-solenoid structure), on the average, the transfer of energy is from the fluid to the field. Due to nontrivial Lorentz force effects, it is helpful to compute the kinetic-energy spectra. Indeed, Fig.14 (left) superposes the (normalized) kinetic spectra for the N = 2.5×10 −3 , and N = 2.5 × 10 cases. The spectrum is normalized with the factor ( ǫ ν 5 ) 1/4 , where ǫ is the volume average of the kinetic energy dissipation rate ǫ = 2νS ij S ij . The key difference of the two cases is the appearance of a high wavenumber, k −4 scaling regime in the larger N case, that pushes the dissipative exponential cut-off towards higher k. Since, this effect can only be associated with the Lorentz force action discussed previously, we can conclude that this spectral regime corresponds to the induced solenoid-like vorticity regions at the magnetic-spiral edges. This high k regime could be observed (for example) in turbulent dy- namo computations, signaling the end of the kinematic dynamo regime [21] , and the start of reciprocal field-fluid interactions. Notably, around kℓ ≈ 0.15, there is a steeper k −5 spectral slope that corresponds to the vortex tube core, and was analytically computed in [43] . The shape of the magnetic field spectra (Fig.14, right) compares well with the corresponding shape of N = 2.5 × 10 −3 spectra. Both spectra show a similar low wavenumber k 3 slope, but the N = 2.5 × 10 spectrum presents (relatively) higher energy levels, in the region following the peak of the spectrum.
Probing the dynamics (Figures 15-16) , we see that the production of enstrophy recorded in Table I is associated with the tendency of vorticity to (anti)align with the extensional eigenvector λ 1 and the vortex stretching vector W (the other two eigenvectors tend to be normal to the vorticity). Although, in a similar fashion with the N = 2.5×10 −3 case, the probablity density function of enstrophy production peaks at zero, a new element here is the appearance of more extreme values, albeit, with very small probabilities. The magnetic field dynamics indicate (Fig.17 ) that all strain-rate eigenvectors (and not just the extensional eigenvector)
show strong (anti)alignments with B. On the other hand, although the probability density function of the magnetic energy source (Fig.18 ), (similarly with the N = 2.5 × 10 −3 case) peaks at zero value, it now extends over a larger range of values, with strong amplification events slightly more intense than strong reduction events. In this case (Fig.4, right) , the magnetic energy of the ring is larger than the kinetic energy of the tube. It is easy to think of ways for producing similar conditions in a turbulent flow.
Indeed, the latter is an hierachy of eddies/vortices that populate its inertial range. This is a good example of nonlinear MHD effects. Tables II and III quantify these effects from various points of view: the vortex stretching vector tends to align (on average) with the direction of vorticity, whilst in the smaller interaction parameter cases, the opposite effect was observed. Similarly, the role of the the third compressive eigenvector is now different, since (on average) it tends to anti-align with the direction of vorticity. On the other hand, the (average and scaled) magnetic energy production is almost twice as large in the N = 2.5 × 10 3 case, a reflection of the generation of the two new magnetic-rings (Fig.21) .
Moreover, the probability density function of λ ⋆ favours slightly more negative λ ⋆ values.
The generation of strongly dissipative structures leads to significant (with respect to smaller interaction parameter values) cross-helicity dynamics (Fig.5, right) , as well as, significantly higher kinetic and magnetic energy dissipation-rate levels. Indeed, Fig.5 (left) shows that the low wavenumber kinetic energy dissipation-rate spectrum attains a significantly higher level than the corresponding spectrum of a straight vortex tube, whilst at high wavenumbers, a peak, that most probably corresponds to the vortex-sheet/vortex-tube reconnection process (Fig.21, right) , is observed. On the other hand, the two new magnetic-rings radii (Fig.21, left) correspond to small wavenumbers, and the magnetic-energy dissipation rate also peaks at low k. It is important to remark here the difference between small and large N kinetic and magnetic spectra. The former present a high wavenumber k −5/2 scaling regime that reflects the complicated vorticity structure discussed above. The magnetic spectra have a different shape than the spectra corresponding to small and intermediate N. In the high N spectra case, the energy peak is followed directly by a dissipative cut-off. The computed filling-up of the high k magnetic scales is the culprit of Lorentz force action, and ought to be associated with newly generated magnetic field structures. It is helpful to note here, that in the final-time energy spectrum, the viscous cut-off range is not as extensive as in the smaller interaction parameter value cases. This does not indicate a resolution flaw, since following the evolution of the spectra from t = 0 to the final time, we observe that, as the system evolves, more and more of the initial viscous cut-off regime is taken over by the new, Lorentz force induced scaling, but the computation stops before the available viscous cut-off (upper curve, triangles) differ from the N = 2.5 × 10 results (circles), in that the plateau region after the peak in the latter, has now evolved into a new (displaced) peak, directly followed by dissipative cut-off.
regime is exhausted. Due to the high Reynolds number, the flow field would (at later times) develop instabilities and invalidate the numerical resolution, but this regime is not within the scope of the current investigation, not least because the vortex and magnetic structures would then become unstable, and structural coherence would be lost. Hence, throughout the high interaction parameter evolution, the resolution requirement is monitored and always satisfied, and the computation stops before the physical resolution requirements exceed the available numerical resolution. Based on these, it can be conjectured that, at much higher values of the interaction parameter, the same sequence of events (i.e., Lorentz-force induced formation of two vortex rings followed by the creation of two magnetic rings adjacent to the initial one) would be observed, but (due to the more vigorous forcing) the flow would become unstable, and transition to turbulence much faster.
When it comes to dynamical mechanisms of enstrophy and magnetic energy production, it is interesting to observe in Figures 23-26 that the related probability density functions of the alignment cosines are remarkably similar with the smaller interaction parameter cases.
Certainly, this is associated with the predominant sheet-like magnetic and vortical structures in Fig.21 . However, there is a key observation: both probability density functions for enstrophy and magnetic-energy production peak at zero, and present long tails towards much larger values than in the lower interaction parameter cases. Hence, it follows the important conclusion, that the net amplifications of enstrophy and magnetic-energy are due to the slight imbalance between extreme amplification and reduction events, i.e., they are "long tails" effects. In all cases, we have indicated the energy dynamics and spectra, showing how the transfer of energy from flow to magnetic degrees of freedom at small and intermediate N, is reversed at high N, and how the generated structures affect the shape of kinetic and magnetic energy spectra. Without doubt, the gauge field appears to be a great transformative/creative force, as far as, the vorticity field is concerned. This is particularly evident in the "serpentine road" to vortex reconnection depicted in the high N case results.
Another general conclusion supported by the results is that, at small N values, ω dominates, and B behaves like a material-field advected by the flow, whilst, at large N , the backreaction of B on ω is the key dynamical factor, and, as a result, new vortex structures appear that induce magnetic field structures of similar morphology.
It is important to continue placing emphasis on structural aspects of turbulent MHD flows, by either extending the present "synthetic" approach to the interaction between more complicated structural patterns, or/and by performing accompanying "analytic" studies, i.e., detecting and tracking structural elements within an actual turbulent MHD flow field. Incorporating the findings of such studies into the statistical physics modeling of turbulence, is a promising approach for tackling the notorious "turbulence problem".
